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Abstract

The design of double pipe heat exchanger hairpin-based structures has been presented in the form of a mixed-integer nonlin-
ear model (MINLM). While some metaheuristics/stochastic methods can provide good answers, the only way to guarantee
global solutions of this model is by using mixed-integer nonlinear programming (MINLP). Our novel contribution focuses
on globally optimal solutions obtained robustly, that is, without convergence and initialization issues. For that purpose, as
an alternative to the direct solution of the original nonlinear mathematical model, we propose the use of a rigorous linear
reformulation of a MINLM to a linear model (MILM). Because the reformulation is rigorous, the global optimum of the
original nonlinear model is obtained using a MILP approach. Smart enumeration procedures, applicable after parametriza-
tion of the search space are applied to overcome computational obstacles associated with solving the reformulation resultant
MILP. Our approach presents various novelties: parametrization, calculation of lower bounds, and Smart Enumeration, a
recently introduced technique, extendable to the solution of other problems. Numerical examples illustrate the correspond-
ing performances.
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Range of inner tube Seider
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yPrtp,, Range of inner tube Prandtl
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sd Inner tube diameters

sD Outer tube diameters

sE Number of units per branch

sLh Hairpin tube length

sNh Number of hairpins per unit

sNua Range of annular region Sei-
der and Tate Nusselt number

sNut Range of inner tube Seider
and Tate Nusselt number

sPra Range of annular region
Prandtl number

sPrt Range of inner tube Prandtl
number

sRea Range of annular region
Reynolds number

sRet Range of inner tube Reyn-
olds number

sST Stream

Introduction

Double pipe heat exchangers can be an advantageous ther-
mal equipment alternative in several tasks. They are the easi-
est heat exchangers to fabricate as well as maintain/repair,
especially if they have been standardized in the form of
hairpins and specific structural arrangements (series, series/
parallel, etc.). They are used in small heat exchange tasks,
usually limited to areas lower than 50 m?. They are also pre-
ferred when dealing with high-pressure applications because
smaller diameters than shell and tube exchangers are used.
The industries involved cover a wide range: petroleum, food,
refrigeration, etc. (Kaka¢ and Liu 2002; Guy 2008).

The literature about the design of double-pipe heat
exchangers is focused on the optimization of heat transfer
intensification devices, such as fins (Sahiti et al. 2008;
Syed et al. 2011; Igbal et al. 2011; Igbal et al. 2011), cor-
rugations (Han et al. 2015; Sruthi et al. 2021), micro-fins
(Dastmalchi et al. 2017; Xie et al. 2022), and turbulence
promoters (Arjmandi et al. 2020; Kumar and Dinesha
2021; Kola et al. 2021). General and optimal design of

double pipe heat exchangers received the attention of
fewer authors. Soylemez (2004) addressed the optimiza-
tion of double pipe heat exchangers for the identification of
the optimal value of the heat exchanger diameters aiming
at the minimization of the total annualized cost. Swamee
et al. (2008) formulated the design optimization problem
using the diameters of the inner and outer tubes and the
utility flow rate as design variables to minimize opera-
tional costs. Peccini et al. (2019) proposed the minimiza-
tion of the heat transfer area using a mixed-integer non-
linear programming (MINLP) approach, which included
different alternatives of parallel and series configurations
in the search space. Although it provides good opportuni-
ties for cost reductions by finding better solutions than
traditional approaches based on sucessive trials, its non-
convex nature sometimes presents convergence limitations
and/or poor local optimum termination, if local solvers
are used. Moloodpoor et al. (2021) employed a stochastic
optimization method for the solution of a design problem
similar to Swamee et al. (2008). Nahes et al. (2019) inves-
tigated the area minimization of the design of double pipe
heat exchangers using mathematical programming consid-
ering the variation of the physical properties with tempera-
ture but exploring a more limited search space than Peccini
et al. (2019). Textbooks (Saunders 1988; Kaka¢ and Liu
2002; Serth 2007) usually use traditional trial and verifi-
cation procedures, where optimality is not the main goal.

This paper addresses the design optimization of double pipe
heat exchangers using as a starting point the MINLP problems
of Peccini et al. (2019). To circumvent the aforementioned
potential difficulties of nonlinear solvers observed in Peccini
et al. (2019), the current paper proposes a reformulation of the
original mixed-integer nonlinear model (MINLM), resulting in
a mixed-integer linear model (MILM), which we solve using
a mixed-integer linear programming (MILP) procedure, thus
guaranteeing a global optimum. Our reformulation does not
make simplifications, approximations, or linearization of the
original model, i.e. the solutions of the original MINLP are also
solutions of the new MILP problem and vice versa. Limitations
associated with the resultant increase of the number of vari-
ables and constraints of the linear model are handled through
the proposition of alternative enumeration procedures aided by
a parametrization of the search space, made possible by the
discrete nature of the variables involved. Indeed, once a few
variables of the problem are parametrized, the search space can
be described by a set of candidates, obtained by combinations
of the discrete equations turned into parameters. The candidates
are then subject to an organization according to a rigorous lower
bound of the objective function that we developed. The avail-
ability of this lower bound allows the acceleration of the Smart
Enumeration procedure. This novel approach to handle large-
size MILP problems can be employed to solve similar problems
in other fields of applications.
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Heat exchanger design equations

The basic structure of double pipe heat exchangers consists of
two concentric tubes. The heat transfer equations, based on the
LMTD method, are:

@ = VﬁhCPh(ﬁh - i\)h) (D
0 = i Cp(To, - Ti,) 2)
O = UAATIm 3)
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The heat transfer coefficients (4, h,) are obtained from a
Nusselt number correlation (we use Gnielinski et al., Hauser
et al., and Sieder and Tate) (Incropera and Dewitt 2007).
Finally, ignoring minor head losses in connections and bends,
the pressure drop of the flow in the inner tube is calculated
by the Darcy—Weisbach equation. In turn, the annular section
pressure drop is obtained using the same equation, but using
hydraulic diameters (omitting the viscosity correction factor)
(Saunders 1988).
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(a) Hairpin structure

Double pipe heat exchanger hairpin
architecture

Double pipe heat exchangers are usually commercialized in
hairpin structures, as shown in Fig. 1a. Figure 1b illustrates
three hairpins connected in series.

Different interconnection patterns among the heat
exchanger hairpins provide flexible alternatives to abide by
heat load and maximum pressure drop specifications of the
service. In our model, a hairpin is the countercurrent basic
structure; a unit is defined as multiple hairpins connected in
series; a branch is a structure that can be arranged in some
proposed complex series/parallel configurations (see Fig. 2),
which can then be arranged in a set of parallel branches, ren-
dering the general structure (See Fig. 3) (Peccini et al. 2019).

Linear formulation of the design problem

In a prior work (Peccini et al. 2019), a MINLM was pro-
posed (see Supplementary Information—Section S1). Here,
we show that this model can be rigorously reformulated in a
linear one. The techniques employed in this transformation
are described in Costa and Bagajewicz (2019).

Selection of the geometric variables

We use the following set of binary variables to describe the
design variables: yd , for the inner tube diameter options
(discrete options: ];Z?exd and ﬁﬁxd), yD, for the outer tube
diameter (discrete options: p/DExd and }ﬁ)\ti‘vd), yLhg, for
the hairpin tube length (discrete options: p/L\hsLh), YNhgy, for
the number of hairpins per unit (discrete options: pNhy;,),
yB,p for the number of parallel branches present in the heat
exchanger design (discrete options: @sB), YPt and yPa g,

T

1

:

<) ) B

(b) Three hairpins connected in series.

Fig. 1 Double pipe heat exchanger hairpin structure. a Hairpin structure. b Three hairpins connected in series
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Tube-side stream

===

Annulus-side stream

(a) Structure — Type 1

Annulus-side
stream

Tube-side |---|-——,- e
stream ! 1

(c) Structure — Type 11

Tube-side
stream

Annulus-side
stream % % % %

(e) Structure — Type II1

->

L0
e

(b) Example with one unit (two

hairpins/unit)

(f) Example with two units (one hairpin/unit)

Fig. 2 Different flow arrangements. a, b Type I: tube-side and annulus-side streams in series; ¢, d Type II: tube-side stream in series and annu-
lus-side stream in parallel; e, f Type III: annulus-side stream in series and tube-side stream in parallel

for the number of units aligned in parallel in each branch for
tEe\tube—side and the annulus-side streams (discrete options:
PNE p).

This set of binary variables must be associated with con-
straints to ensure that only one of the available options will
be selected:

sdmax sDmax sLhmax sNhmax

Z ydsd = Z stD = 2 thsLh = Z yNhsNh

sd=1 sD=1 sLh=1 sNh=1
sBmax sEmax sEmax (7)
Z yBy = Z yPt, = z yPay, =1
sB=1 sE=1 sE=1

Stream allocation

The allocation of streams is controlled by the binary variables
yIc and yTh. If yTc=1, then the cold stream flows inside the
inner tube, otherwise, yTh =1, which is guaranteed by the fol-
lowing constraint:

yI.+yT), =1 (8)
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Tube-side stream

F=A Branch 1 J=—)_,
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Annulus-side ! . 1
| ° |
stream I |
1 1
= L Branch NB (€= _

(a) General Structure

Tube-side stream

Annulus-side
stream

(b) Example with two branches (type III) (five

units/branch)

Fig. 3 Multiple parallel branches. a General structure. b Example with two branches (type 1II) (five units/branch)

Structural constraints

The following constraint ensures that if the tube-side has
more than one parallel passage, the annular side can be only
arranged in series and vice-versa:

yPtsE:l +yPasE=1 2 1 (9)

The following constraint guarantees that the outer tube's

inner diameter is larger than the inner tube's outer diameter.
vdy, +yD,, < 1V(sd, sD) € SDD (10)

where SDD is the set of forbidden (sd, sD) combinations.
Inner tube thermal and hydraulic modeling
The flow velocity inside the inner tube, its corresponding

Reynolds number, and additional linear inequalities are:

sdmax sBmax sEmax

=2 2 XX

sd=1 sB=1 sE=1 sST ﬂpsSTpdtl deBsBliv\E

A gr

WVE 4 sB sE,sST

(11
sdmax sBmax sEmax 4
ST
Ret = Z Z A = i'\ — WVtsd,sB,sE,sST
sd=1 sB=1 sk=1 ST 7 MssrpdtisuDNBppNE
(12)
WVtsd,sB,sE,sST < ydsd (13)
WV spsessT < YBsp (14)
ersd,sB,sE,sST < yPtsE (15)
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ersd,sB,sE,sST < yTsST (16)

WV s sEssT 2 Ysg + YBsg + YPtp + YT gr — 3 (17)

The Prandtl number of the inner tube stream becomes:

Cph My,
y Tc + y Th

c h

Go
Prt = —{Cﬂc

(18)

The evaluation of the Nusselt number by the Sieder &
Tate correlation is now:

sBmax sEmax sLhmax

——S&T
Z Z Z ZpNutSB,sE,SLh,SSTWNutsB,sE,sLh,sST

sB=1 sE=1 sLh=1 sST

S&T

(19)
wNut g g sinsst < YBsp (20)
wWNut g o s psst < Pl 21
wNutyp g g psst < YLhy, (22)
WNutsB,sE,sLh,sST < yTsST (23)
WNMISB,SE,SLh,SST b yBsB + yPth + thsLh + yTsST -3 (24)
_—S&T
where the parameter pNut ; . . 18 given by:
8Cp it 3
———S&T PsstMssT
pNutsB,sE,sLh,sST = 186( ~ — — >
7kysrpPNBgpNE gpLh ),
(25)
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The following equation allows the selection of the appropri-
ate Re number using binary variables.

Ret < 1311yRet, + 2300yRet, + 3380yRet; + @yReQ

(26)
Ret > 1311yRet, + 2300yRet; + 3380yRet, + € 27
Prt < 5yPrt, + @’yPrtz (28)
Prt > SyPrt, + € (29)
Nut®*T < 3.66yNut, + ITIVuyNutz —€ (30)
Nuts*T > 3.66yNut, (31)
sRetmax
Z YRet ., = 1 (32)
SRet=1
yPrt, + yPrt, = 1 (33)
yNut| + yNut, =1 (34)
The pressure drop in the tubes becomes:
sdmax sBmax sNhmax sEmax sLhmax sEmax
UDYDNDIDADNDID)
sd=1 sB=1 sNh=1 sE=1 sLh=1 sE'=1 sST
(detlsd,sB,sE,sNh,sLh,sE’,SSTWdPtsd,sB,sNh,sLh,sE,sE’,sST,l
. (35
+p dPt23 sd,sB,sE sNh,sLh,sE' ,sSTWdP tsd,sB,sNh,sLh,sE,sE’ ,sST,2
+PdP123, g sk sNhsLhsE sSTWEP 4 B sNbsLISE sE 55T 3
+p dP t4sd,sB,sE,sNh,sLh,sE’ ,sSTWdP tsd,sB,sNh,sLh,sE,sE’ ,sST,4>
wdP txd,xB,sE,sNh,sLh,sE/ ST sRet < WASd,SB,XE,SNh,SLh,XE/ (36)
WdPtxd,xB,sE,sNh,sLh,sE’ sST,sRet —= yTsST (37)
wdP tsd,sB,sE,sNh,sLh,.\'E/ ST sRet < y RetsRet (38)
wdP tsd,sB,sE,sNh,sLh,sE/ ,$S8T ,sRet P WAsd,sB,xE,sNh,sLh,xE’ (3 9)

+yTsST + yRetsRet -2

The additional parameters inserted for simplification pur-
poses in Eq. (35) are given by:

/d-F 1 _ 1 28ﬁxSTfr\lsSTpthNhpththNExE’
)4 1 sd,sB,sE,sNh,sLh,sE' sST — N ~4 — (40)
”psSTpdnjdeBsBpNExE

0.3 904;;[237‘17\,71 thl;ﬁlsth/]\ﬁ; sE'

— ——— @D
w’p STpdtl pNB sPNE .

—
pdptz3xd,:B,SE,5Nh,SLh,sE’,SST =

01127 pNh,,pLh,1,pNE

det4sd,sB,xE,sNh,th,xE’ SST = —~5 —~—2 —~_2

72 pgrpdti jpNB ,pNE .

4.71 9//"\?;;-2 Z §S5TgpNhsthththNE
+

458 — 1.58 — 1.58
718D, 3Tl7d”d PNB , pNE

42)

Annulus side thermal and hydraulic modeling

The annulus-side stream velocity, its corresponding Reyn-
olds number, and additional linear inequalities are given
by:

sdmax sDmax sBmax sEmax

=2 2 2 2 X

sd=1 sD=1 sB=1 sE=1 sST
~ (43)
Mg+

= —— — WVl D sBESST
psST*pAasd,stNBsBpNESE

sdmax sDmax sBmax sEmax

Rea= 2 2 2 X D,

sd=1 sD=1 sB=1 sE=1 sST (44)
msST*pdhsd,sD
~ ——— ——— ——— ansd,sD,sB,sE ST

ﬂsST*pAasd,stNBsBpNEsE
ansd,sD,sB,sE,sST < ydsd (45)
WV p sp.sksst < YDgp (46)
WVGQq 5D ,sB sE,sST <yB sB 47)
anxd,xD,sB,sE,sST < yPasE (48)
ansd,sD,sB,sE,sST < yTsST (49)

wvaxd,xD,sB,sE,sST > ydxd + stD + yBxB + yPasE + yTsST -4
(50)
where if sST=h, then sST" =c and vice-versa.
The equations for the Prandtl number and the Nusselt
numbers for the annulus-side stream become:
Pra = Cpcﬁc Cphﬁh
ra = — —

T, +
c h

yT. (&)Y
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sdmax sDmax sBmax sEmax sLhmax

=2 X2 X X

sd=1 sD=1 sB=1 sE=1 sLh=1 sST (52)
—— S&T
pNuasd,sD,xB,sE,SLh,xSTWNuan,SD,SB,SE,SLhJST

WNuasd,sD,sB,sE,sLh.sST < ansd,sD,sB,sE,sST (53)
wN Masd,sD,sB,sE,sLh.sST < thsLh (54)

wNi Masd,SD,XB,SE,SL/I.XST 2 anxd,xD,sB,xE,sST +y thLh -1 (55)

——— S&T

where the parameter pNua_ dsD.sBsE.sLhssT 1S 81ven by:
L
3
—— S&T 2CP>ST Mt Pdh‘d sD
PNuay, o o s sinsst = 1-86[ = (56)

S,

k.ST*pAamSDpNBSRpNESEpLhSLh

where if sST=h, then sST" = ¢ and vice-versa.
The constraints relating binary variables to Re ranges
for the tube-side remain the same:

Rea < 500yRea; + 2300yRea, + 10000yRea; + ljR\eyRea4
(537)

Rea > 500yRea, + 2300yRea; + 10000yRea, + € (58)

Pra < 5yPra; + lji?ryPra2 59)
Pra > S5yPra, + ¢ (60)
Nua>¢T < 3.66yNua, + myNuaz —€ 61)
Nua**T > 3.66yNua, (62)
sReamax

Y YReag,, =1 (63)
sRea=1
yPra; + yPra, = 1 (64)
yNua, + yNua, =1 (65)

The pressure drop of the flow in the annulus is given by

sdmax sDmax sBmax sEmax sNhmax sLhmax sEmax
NEDIDIDNDIDIEDIDIDY
sd=1 sD=1 sB=1 sE=1 sNh=1 sLh=1 gg'=1 sST
—
(pdPalyy p s sk sNisLhsE? sSTWAPAq 5D 5B sNb LI SE.SEY ST.1
+ pdPa23y ip sp sz snnsinsi? ssTWAPUG p s N sihsE.SE sST2

+wdPagy p g sNnsihsESEsST3)

.
+ pdPad y op o s sNhsLisE! sSTWAPAsq 5D B sNb s sE.5E! sSTA) (66)
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WdP asd,sD,xB,sE,sNh,sLh,sE/ ST, sRea S WAxd,xB,sE,sNh,sLh,xE’ (67)
WdPasd,sD,sB,sNh,sLh,sE..\'E’ sST,sRea — yD (68)
wdPay oy g N sz sE.sE'sST.sRea < Y st (69)
wdP Asd,sD,sB,sNh,sLh,sE.sE'sST,sRea = <y ReasRea (70)

WdP asd,sD,sB,sNh,sLh,sE.sE’sST,sRea Z WAsd,sB,sNh,sLh,sE,sE’

1
+yDyp + yTgr + yReap,, — 3 (71)

sRea

where:

32 g7 Mgsr- pNhy,pLh g ,PNE

pdP a1sd,sD,sB,sE,sNh,sLh,sE’,sST = 2 — —_
PssT+P dh_vd’s DpAasd,st NB SBPN E SE'

(72)
dea23sd sD,sB,sE sNh,sLh,sE' sST
_ 0.013487% . pNh,y;pLh,1,PNE,
—2 —_—2 —~2
psST*pdhsd stAasd sppNB pNE (73)
16.32871% 7 ! pNh,y,pLh,; ,pNE &
+ —~193 —~1.07 —1.07 — 1.07
prT*pdh dstAa i DpNB 5 PNE
pAPaly o g sp sNi.sihsE ST
0.0897° 565! ¢ 8135pNh iPLhy . PNE (74)
= —1. 1865/\18135/\18135/\18135
prST*pdh sd,sD p a sd,sD P pNEsE’
where if sST=h, then sST" = ¢ and vice-versa.
Heat transfer rate equation
sdmax sBmax sNhmax sLhmax sEmax sE'max
LD YDIDINDIDIPY
sd=1 sB=1 sNh=1 sLh=1 sE=1 sE'=1 (75)
pAsd,sB,sE,sNh,sLh,sE’ WAsd,sB,sE,sNh,sLh,sE’
WAsd,sB,sNh,th,sE,sE’ < ydsd (76)
WA 4 sB.sNsLhsEsE < YBsg 77
WAsd,sB,sNh,sLh,sE,sE’ S yNhsNh (78)
WAsd,sB,sNh,sLh,sE,sE’ < thsLh (79)
WAsd,sB,sNh,sLh,sE,sE’ < yP Ise (80)
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WA 4 B sNhsthsEsEr < YPasp @81 wydTy s < ydy (85)
WA B sNhsthsEsE 2 Ydsqg + YBp ®2) wydT 57 < YT g7 (86)
+ yNhgy, + yLhy, + yPt p + yPa gz — 5
wydTy osp 2 ydgg + YT 57 — 1 (87)
PAgq s snnsihskse = TPNBgpNhoy,pLh g ,pNE  pNE
theo
(83) Whtsd,sST,sRet,l,l < Wyd dSSTforSRet - {1 2} (88)
The heat transfer rate, based on the LMTD method, after
reformulation becomes: theo _
whts d.sST.sRet. 1.1 < yRet g, forsRet = {1,2} (89)
sdmax sDmax sBmax sEmax sLhmax sEmax
sd=1 sD=1 sB=1 sE=1 sLh=1 sE'=1 sST Whtgzi:-}ST’ngt’l’l S yPrllfOISRel — {1’ 2} (90)
P dte theo
k /A—[\xheo sd,sST sRet,1,1
sRet=1 y2 th
i Whtsdi;)ST,sRet,l,l S le/ttl fOISRet = { 1’ 2} (91)
pdtey, ST
2 /N\S&T WAL SB sLh.SE.sST sRet,1,2
sSTP utrB SE,sLh,sST theo
Oy wht sd sST,sRet, 1,1 = WydTSd,SST + yRetsRet + yPrtl
pdtey gt 92)
—T™ WLy sB sLhSE.sST sRet2 +yNut1 — 3forsRet = {1, 2}
ksSTpN UL p o sLhsST
pdtel‘ d Gni
— Wht e b s &T _
RosrpNutyn e Whtssd SBSEsLhsST.sRer12 < WVEsasnspssTforsRet = {1,2} (93)
'sd,sB.SEsST
pdtey WwhiCri or
——G sd,sB,sE,sST 4
KosrpNut ,;Lw e Whtfd sBosEsLhssTsRer12 < YL pforsRet = {1,2} o4
o pdte,
B pdie, . . deE)zlln( drz: ) ; sar
— <y N — =
T pdtiy, @ sasst 2ktube o wh sd,sB,sE,sLh,sST,sRet,1,2 — yRetYREIforSRet { 1 2} (95)
+Rf s 51
S&T —
S pdhyp h Whtsd,sB,sE,sLh,sST,sRet,1,2 < yPrt,forsRet = {1,2} 96)
o eo
+ Z — theo Whasd,sD,sST.sRea,l,l
sRea=1 le.PpNua (84)
S&T
Pdhsd sD Whtsd sB,sE,sLh,sST,sRet,1,2 — yNutzforsRet - { 1, 2} (97)
T Whaxd D,5B,sE! sLh,sST,sRea,1,2
k;sr PNUG s o i sihssT
— S&T
N pdhy halle WHE S b SE sLhsST sRet, 1.2 2 WVEsd 5B SE.5ST
p—T SdsD.SBsLE ST sRea2
K7 pN U 5D sB.sE sLhsST +YLhy), + yRet g, + yPrt (98)
pdhyysp + yNut, — 4forsRet = {1,2}
+ ——Gni Wh“\d D sBSE' sST3
kSST*pNuafm”\d.\n.xﬂ.\E’,xST
—pdhm D h Whtz sB,sE,sLh,sST,sRet,2 < WVtSd,SB,SE,SSTfOI-SRet ={1.2} (99)
+ —Gni w asd SD.sB.sE! sST.A
kYST pNua wrbgy p g s 55T
—_ dmax sBmax sEmax sNhmax sLhmax sE' max Hau
ATim__" WhE b b stnssTskern S YL forsRet = {1,2} (100)
< ="
=X 22X X XXX
(W + 1) sd=1 sB=1 sE=1 sNh=1 sLh=1 sE’=1 sST
o~ au p—
U’Asd,xB,:Nh.sLh.sE,sE' WAsd,:B.sNh.sLh.sE.sE’ Whtgl sB,sE,sLh,sST,sRet,2 — < M RmSRElfor sRet = { 1’ 2} (10 1)
+ DAy B sNsLISE.SE' (PF sST*sE 1)
au
WAF (4 (B \NhsLhsESE' sST Wht{ii sB,sE,sLh,sST,sRet,2 — yPrlzforsRet - { 1 2} (102)

+ DA sB.sNhsLhSESE (PF SST.SE! — 1)

WAF (g s sNi sLhsE.SE' sST)
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Whtgng,sE,sLh,sST,sRet,z = WVl o oi st + VLI, + YRet g, + yPrt, — 3forsRer = {1,2} (103)
Hau
Gni _ ha - <yLhg,forsRea = {1,2} 120
WS o ores S WV g asriorsRer = {3,4) (104) 5d,sD.sB sE sLh,sST sRea,2 sL (120)
; wha'ta , < yRea, forsRea = {1,2} (121
Whtfd’?:‘B,sE,sST,sRet < yRetsRetforsRet — {3’ 4} (105) sd,sD,sB,sE' ,sLh,sST ,sRea,2 y sRea ( )
. h Hau < —
Whtgir,l;B,sE,sST,sRet Z ersd,sB,sE,sST + yRelsRet — lforsRet = {3, 4} " asd,sD,sB,sE’,sLh,sST,sRea,Z - yPraZforSRea {1’ 2} (122)
(106)
wha't® , >wva, .p g o + YLA,
Wha'%, < rearn < WydT srforsRea={1,2}  (107) s sD.3BAE SLASST sRea2 = V¥ sdsDsB B ST T YHKLh
+yReay,, + yPra, — 3forsRea = {1,2}
” B (123)
Whaxd(f;)D,sST,sRea,l,l < stDforsRea - { 1’ 2} (108) Grni
Whasd,sD,sB,sE’,sST,sRea <wvag op s ssriorsRea = {3,4}
theo _ (124)
Whaxd,xD,sST,sRea,l,l < yReaSReaforSRea - { 1’ 2} (109) Gni
Whasd,sD,sB,sE’,sST,sRea < yReaé'waorSRea = {3’ 4} (125)
th _
Whaxdf};)D,sST,sReu,l,l < yPralforsRea - { 1’ 2} (1 10) Gni
Whasd,sD,sB,sE’,sST,sReu 2 ansd,sD,sB,sE’,sST + yReasRea
1forsR {3,4} (126)
h —1forsRea = {3,
Wl ss7 skeas S YNua forsRea = {1,2) a1y
wAF <wA
h sd.sB.sNh,sLhsE.sE' sST = d,sB.sNh,sLh,sE,sE’ (127)
Whai‘dia'D,sST,sRea,l,l = wydT 7 + YDyp + YRea g, (112) PRI R
+yPra, + yNua, — 4forsRea = {1,2
yiray T yiud, (.2} WAF 4 g snnsthsesessT < Ysst (128)

S&T —
sd,sD,sB,sE' sLh,sST,sRea,1,2 < anSd,XD,-YB,-YE’,SSTforSRea - {1’ 2}
(113)

< yLhy,forsRea = {1,2} (114)

wha

S&T
Whasd,sD,sB,sE’ ,sLh,sST sRea,1,2

S&T

5d,sDsBsE sLh,sST sRea,1,2 forsRea = {1,2}

(115)
< yPra,forsRea = {1,2} (116)

wha < yRea

sRea

S&T
Whaxd ,sD,sB,sE' ,sLh,sST ,sRea,1,2

S&T

WHA' T B sE? SLhsST sRea1 2

< yNua,forsRea = {1,2} (117)
WwhaS&T > va +vyLh g, + yRea
sd,sD,sB,sE' sLh,sST,sRea,1,2 = sd.sD.sBsE' sST T YElspp + Y sRea

+yPra; + yNua, — 4forsRea = {1,2}
(118)

Hau _
Wha 'S sk sthsST skeaz S WVsd.spsB.sr sstTorsRea = {1,2}
(119)
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WAF g sNnsLhsEsE sST 2 WAsa s snnsihsise + Y ssr — 1

(129)
where
8Chysriisy
o 00668< - mpxs%'\;%wﬁ )
Y _ 7K sT PN sgDPINE DL
PNut p gy ss7 = 3-60 + N 2/3
1+ 0.04( Sl )
7kssrPNBgPNE ppLhy ),
(130)
. 0.0061 ( "2 — 1000 ) ( Lzl )
——Gni 7 ilysrpdtisapNByppNE kysr
pNut =

trany s sgss7

Wi

1+ 12.7(0.0061)i<<q’§+‘75">‘ - 1)
sST

(131)
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N = 042 R .

0.00175 + 0132( 7fysrpdligpNB ppNE ) ( A4mis_r\ _ 1000) < CP.LSTM.\-ST )
——Gni il T HsypdtiyypNB,gpNE g sST
pNuttuerl’AB:EAST - 1/2 2 (132)
SBSE, o~ = 042\ !/ ~ . 2
1+12.7 0.00175+0.132(M> (C’L—”>3 ~1
r?l.rST kSST

2

26;1\-57* s pd

Objective function

0.0668 ———r— D
——— Hau kysrpAdyy ppPNBgpNE ppLhgy ), . . . . .
pNuay o g op st = 3-06+ 5 The objective function is given by the heat transfer area and
o = 5 . .. .
1+ 0.04<A 2pssr st Pl _ ) a penalty term associated to the number of hairpins; thus, in
ks« pAay ,ppNB ypNE,pLh,, . . .
5T+ DA B sBP NP Lll i case of equivalent solutions, the one with smaller number
(133) of elements is preferred:
o \09 . L
0.00337 + 4.082 Hgsr+pAdsy pPNBypNE Mgsre pdhsg sp — 1000 Cpysr= Hysr=
 Gni gsrepdhyg op Hysp»PAd,q sppNBpPNE, Kysrs
pNuatran ST 1 (134)
sd.sD,sB,sE.sST R - o 093\ 3 R . p
14+ 12.7( 0.00337 + 4.082  Fr Aol ViV (Pl ) -
ﬁ".s'ST*pdh.\'d‘.vD kysrs
o~ \0.865 L L
0.02225 Ugsr+PAdgy ppPNB gpNE My pdhyg sp — 1000 Cpysr Hgs+
e Gni gsrepdhyg op Hysr+pAagy sopNBppNE Kgse
pNua,,,, = , (135)
sd.sD.sB.sE,sST ~ e e e 0.1865 E . ~ Z
1+ 12.7( 0.02225 Hyst PAdsy spPNB gpNE (CPsST* Hysr* )3 -1
msST*pdh.\'d,.\'D kysr+
. ok .
where if sST=h, then sST =c and vice-versa. sNhmax
minA + ) phpNhy,yNh,y, (142)
sNh=1

Pressure drop and velocity bounds

Bounds on flow velocity and pressure drop are given by:

V> P (136)
vt <Vt (137)
va > va,,;, (138)
va < Wy, (139)
APt < AP, VT, + AP,y 3T, (140)
APa < AP, T}, + AP, 4 VT, (141)

Solution of the optimization problem

The mathematical transformations techniques applied to
generate the linear model imply a large increase in the num-
ber of constraints and variables. If the number of discrete
alternatives of the search space is too high, the dimension
of the MILP problem may be not able to be solved using a
conventional PC. For example, the proposed linear formula-
tion to the problems presented in Peccini et al. (2019) yields
a MILM with 1,467,771,040 constraints and 300,784,517
variables.

This computational obstacle can be overcome using dif-
ferent approaches. The simpler is just to analyze the nature
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of the design problem and select a limited number of discrete
alternatives for the definition of the search space (the search
space of Peccini et al. (2019), valid for various examples,
could be limited according to the nature of each example).
Another approach is to use parallel computing, where the
original search space would be split into smaller ones by
parametrization of discrete variables and solved simulta-
neously in several cores. During the run, every incumbent
found would be broadcasted to the other core and allowing
an update of the common upper bound.

Instead of the above alternatives, we introduce a novel
approach: Smart enumeration of a parametrized search space.
Thus, the global optimum can be obtained by solving a set
of smaller MILP problems, either in series or in parallel, as
described above. However, our novel contribution is that the
parametrization allows the use of Smart Enumeration (Costa
and Bagajewicz 2019), once a lower bound of the objective
function is developed. We explain this procedure below.

Search space parameterization

As described above, we choose a few variables and use them
as parameters. This reduces the number of variables and
constraints generated during the reformulation. The new
parametrized MILM can be solved using the subset of the
decision variables that are left. To solve the entire problem,
one has to repeat the optimization sequentially or in parallel,
to cover the entire domain of the combinations of different
values of the parameters. Figure 4 illustrates a representation
of this procedure where a single large MILP problem is split
into 9 smaller MILP problems. Each small MILP problem
corresponds to a given set of combination of discrete values
of the variables chosen for parametrization.

Different alternatives of parameters and variables were
tested and the option with the best performance was the
one where the structural variables (NB g, Nhy,,, NPt and
NPap) are transformed into parameters. Solving this new
parametrized MILM with a MILP approach renders the best
possible values of fluid allocation, diameters, and length.
A comparison of this approach with other alternatives of
groups of parameters and variables is displayed in the Sup-
plementary Information (Sections S2, S3 and S4).

Based on this approach, the global optimum can be
attained by solving the MILP for each possible combina-
tion of structural variables, i.e. an exhaustive enumeration.
However, as discussed below, a smart enumeration proce-
dure can reduce this computational effort, avoiding testing
all combinations, but still attaining the global optimum. The
Smart enumeration depends on the set up of a lower bound
of the objective function of the parametrized MILP problem,
as shown below.

Lower bound of the objective function

As discussed above, each solution candidate based on the
parametrization of the search space corresponds to a set of
discrete values of NB,g, Nhy,, NPt and NPag. These are
the combinations of the variables turned into parameters.
The lower bound of the objective function of these solu-
tion candidates corresponds to the heat transfer area of the
exchanger evaluated using the smallest values of the inner
tube diameter and tube length, i.e. the lower bound of the
heat transfer area is calculated using an inner tube diam-
eter equal to min( 1%176“1) and a hairpin tube length equal to
min( p/L\hsLh) associated with the parametrized values of the
candidate in relation to the the number of hairpins per unit,
the number of parallel branches, and the number of units
aligned in parallel in each branch for the tube-side and the
annulus-side streams.

Smart enumeration

Smart Enumeration is based on the enumeration using a can-
didate ordering by the lower bound of the objective function
that, associated with a proper stop criterion involving the
objective function of the incumbent (upper bound), promotes
areduction of the computational effort, but still guaranteeing
global optimality.

Then, one can order the enumeration options in ascend-
ing order of lower bounds so that the first structure tested
is the one with the smaller lower bound and so on. The first
viable solution found is saved as an incumbent, and dur-
ing the enumeration, the incumbent is updated every time
a better solution is found. Since the enumeration options

Fig.4 Representation of the
search space parametrization

MILP

MILP 1 MILP 2 MILP 3
- MILP 4 MILP 5 MILP 6
MILP 7 MILP 8 MILP 9
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are ordered in ascending order of lower bound, the gap
between the incumbent and the lower bound decreases
until the lower bounds of the remaining solutions become
higher than the incumbent. At that point, the search is
interrupted, for it is guaranteed that no other structure has
a viable solution that would render a smaller area than that
of the incumbent solution.

An extended version of the Smart Enumeration is pro-
posed where each MILP problem is solved using an addi-
tional upper bound constraint associated with the incum-
bent heat exchanger area, for there is no interest in finding
a higher area.

Results

The performance of the proposed approaches is illustrated
by its application to four different examples, originally
presented by Peccini et al. (2019). The flow velocities must
be between 1 and 3 m/s, the pipe thermal conductivity
is 16.27 W/(m °C) for Example 1 and 55 W/(m °C) for
Examples 2 to 4, and the minimum excess area is 10%
for Examples 1 and 4 and 20% for Examples 2 and 3. The
details of all examples are displayed in the Supplemen-
tary Information (Section S3). All computational times
reported here are associated to the solution of the MILP
problems using the solver CPLEX in GAMS 24.7.1 run-
ning on an AMD Ryzen 9 3900X 12-Core Processor.

Table 1 displays the heat transfer area associated to
the globally optimal results. The different services of the
four examples are evidenced by the different optimal heat
exchanger areas (that range from 1.84 to 88.73 m?). The
details of all solutions are presented in the Supplementary
Information (Section S5).

Table 1 Globally optimal solutions for Examples 1 to 4

Smart enumeration

The computational efficiency of the Smart Enumeration
procedures is illustrated in Table 2, which displays the cor-
responding elapsed times.

The original Smart Enumeration enables a significant
reduction in the number of enumerated candidates and con-
sequently of the computational effort. This reduction is par-
ticularly intense in Example 2 (97.8%), where the optimal
solution corresponds to a small heat exchanger that is found
earlier, thus avoiding a long search. This large reduction
pattern will always be repeated if the optimal solution has a
small area compared with the other candidates of the search
space.

The Extended Smart Enumeration does not change the
number of MILP solved compared with Straight Smart
Enumeration, but it does accelerate the convergence of the
individual MILP problems and therefore reduces the total
computational effort.

These results draw attention to the oversized search space
employed in Peccini et al (2019), with areas ranging from
0.1022 to 9728.8 m?, aimed to encompass different examples
solutions. A tighter search domain would require less com-
putational time (e.g. Example 3 solved for a reduced domain
with Extended Smart Enumeration renders an elapsed time
of only 194.1 s—see Supplementary Information, Table S4).

Conclusions

The mixed-integer linear programming problem proposed
was successfully formulated through mathematical trans-
formation techniques applied to a previously mixed-integer
nonlinear model. The mathematically equivalent model
does not show any convergence problems observed in non-
linear formulations, does not require any initial values as a
starting point, and also presents the important advantage
of guaranteeing global optimality. Therefore, the proposed
procedure allows attaining the global optimum of the

Variable Example 1 Example 2 Example 3 Example 4 . . . .
design problem using conventional MILP solvers, which
Total heat 9.19 1.84 88.73 40.86 are robust and widely available (there are even free codes,
?I’I‘S)‘a“ger area such as GLPK), thus avoiding the use of specialized global
Tabble 2 Elapsed time (s) Enumeration Example 1 Example 2 Example 3 Example 4
with exhaustive and smart
enumeration Exhaustive Total elapsed time (s) 3976.3 4542.7 5357.4 4766.2
Enumerated candidates 7800 7800 7800 7800
Smart Total elapsed time (s) 736.3 183.6 4155.9 2594.0
Enumerated candidates 1217 167 5842 4002
Extended smart Total elapsed time (s) 731.0 172.2 4043.5 2293.7
Enumerated candidates 1217 167 5842 4002
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nonlinear optimization solvers, which may be expensive and
sometimes may fail to find initial feasible solutions or take
a long time.

The problem size increases substantially for the MILP
problem as compared with the previously proposed MINLP,
rendering increased computational effort. This obstacle is
handled by the proposition of an enumeration procedure,
which substitutes the need to solve a large MILP problem
with the solution of a limited set of smaller MILP problems.
This procedure involves the parametrization of the search
space and the establishment of a lower bound of the objec-
tive function for each smaller resultant MILP problem. The
exploration of the search space through an ascending order
of their lower bounds allows a reduction of the computa-
tional effort to identify the global optimum solution.

Solution obstacles related to large size MILP problems
also occur in several other optimization applications, such as
process scheduling (Floudas and Lin 2005), heat exchanger
network synthesis (Chen et al. 2015), cogeneration systems
(Lin et al. 2016), etc. Therefore the proposed approach for
handling large size MILP problems can be an interesting
alternative for other fields of applications.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s43153-022-00238-2.
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