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Abstract
The design of double pipe heat exchanger hairpin-based structures has been presented in the form of a mixed-integer nonlin-
ear model (MINLM). While some metaheuristics/stochastic methods can provide good answers, the only way to guarantee 
global solutions of this model is by using mixed-integer nonlinear programming (MINLP). Our novel contribution focuses 
on globally optimal solutions obtained robustly, that is, without convergence and initialization issues. For that purpose, as 
an alternative to the direct solution of the original nonlinear mathematical model, we propose the use of a rigorous linear 
reformulation of a MINLM to a linear model (MILM). Because the reformulation is rigorous, the global optimum of the 
original nonlinear model is obtained using a MILP approach. Smart enumeration procedures, applicable after parametriza-
tion of the search space are applied to overcome computational obstacles associated with solving the reformulation resultant 
MILP. Our approach presents various novelties: parametrization, calculation of lower bounds, and Smart Enumeration, a 
recently introduced technique, extendable to the solution of other problems. Numerical examples illustrate the correspond-
ing performances.
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List of symbols

Parameters
Δ̂PsSTdisp

	� Available pressure drop (Pa)
Δ̂Tlm	� Logarithmic mean tempera-

ture difference (K)
�̂sST	� Viscosity (Pa⋅s)
�̂sST	� Density (kg/m3)
Âexc	� Minimum area excess (%)
ĈpsST	� Heat capacity (J/(kg K))
k̂sST	� Thermal conductivity (W/

(m°C))

k̂tube	� Tube thermal conductivity 
(W/m°C)

m̂sST	� Mass flow rate (kg/s)
p̂Asd,sB,sE,sNh,sLh,sE′	� Heat exchanger area (m2)
p̂Aasd,sD	� Annular region area (m2)
p̂dhsd,sD	� Hydraulic diameter (m)
p̂dtesd	� Inside tube external diameter 

(m)
p̂DtesD	� Outside tube external diam-

eter (m)
p̂dtisd	� Inside tube internal diameter 

(m)
p̂DtisD	� Outside tube internal diam-

eter (m)
p̂dPa1sd,sD,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂dPa23sd,sD,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂dPa4sd,sD,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂dPt1sd,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂dPt23sd,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂dPt4sd,sB,sE,sNh,sLh,sE′,sST	� Pressure drop parameter
p̂FsST ,sE	� F factor in case sST stream is 

in series, for sE ≠ 1

p̂LhsLh	� Hairpin tube length (m)
p̂NBsB	� Number of branches
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p̂NEsE	� Number of heat exchangers 
in series per branch

p̂NhsNh	� Number of available hairpins 
per unit

p̂Nua
Gni

transd,sD,sB,sE′ ,sST
	� Gnielinski correlation 

parameter for transitional 
flow

p̂Nut
Gni

transd,sB,sE,sST
	� Gnielinski correlation 

parameter for transitional 
flow

p̂Nua
Gni

turbsd,sD,sB,sE′ ,sST
	� Gnielinski correlation 

parameter for turbulent flow
p̂Nut

Gni

turbsd,sB,sE,sST
	� Gnielinski correlation 

parameter for turbulent flow
p̂Nua

Hau

sd,sD,sB,sE′,sLh,sST
	� Hausen correlation 

parameter
p̂Nut

Hau

sB,sE,sLh,sST
	� Hausen correlation 

parameter
p̂Nua

S&T

sd,sD,sB,sE,sLh,sST
	� S&T correlation parameter

p̂Nut
S&T

sB,sE,sLh,sST
	� S&T correlation parameter

Q̂	� Heat transfer rate (W)
R̂f sST	� Fouling resistance (m2°C/W)
T̂isST	� Inlet temperature (°C)
T̂osST	� Outlet temperature (°C)
v̂amax∕min	� Annulus-side velocity 

bounds (m/s)
v̂tmax∕min	� Tube-side velocity bounds 

(m/s)

Continuous variables
ΔPa	� Annulus-side pressure drop 

(Pa)
ΔPt	� Tube-side pressure drop (Pa)
A	� Heat transfer area (m2)
NuaS&T	� Annulus-side Seider & Tate 

Nusselt number
NutS&T	� Tube-side Seider & Tate 

Nusselt number
Pra	� Annulus-side stream Prandtl 

number
Prt	� Tube-side stream Prandtl 

number
Rea	� Annulus-side Reynolds 

number
Ret	� Inner tube Reynolds number
U	� Overall Heat Transfer Coef-

ficient (W/m2°C)
va	� Annulus-side velocity (m/s)
vt	� Tube-side velocity (m/s)
wAsd,sB,sE,sNh,sLh,sE′	� Replacement for 

ydsdyBsByPtsEyNhsNhyLhsLhyStsE′

wAFsd,sB,sNh,sLh,sE,sE′,sST	� Replacement for 
wAsd,sB,sNh,sLh,sE,sE′yTsST

wdPasd,sD,sB,sNh,sLh,sE,sE′ ,sST ,sRea
	� Replacement for 

wAsd,sB,sE,sNh,sLh,sE′ yDsDyTsSTyReasRea

wdPtsd,sB,sNh,sLh,sE,sE′,sST ,sRet	� Replacement for 
wAsd,sB,sE,sNh,sLh,sE′yTsSTyRetsRet

whaGni
sd,sD,sB,sE′,sLh,sST ,sRea

	� Replacement for 
wvasd,sD,sB,sE′ ,sSTyLhsLhyReasRea

whaHau
sd,sD,sB,sE′,sLh,sST ,sRea,sPra

	� Replacement for 
wvasd,sD,sB,sE′ ,sST yLhsLhyReasReayPrasPra

whaS&T
sd,sD,sB,sE′ ,sLh,sST ,sRea,sPra,sNua

	�Replacement for 
wvasd,sD,sB,sE′ ,sST yLhsLhyReasRea

yPrasPrayNuasNua

whatheo
sd,sD,sST ,sRea,sPra,sNua

	� Replacement for 
wydTsd,sST yDsDyReasReayPrasPrayNuasNua

whtGni
sd,sB,sE,sST ,sRet

	� Replacement for 
wvtsd,sB,sE,sSTyRetsRet

whtHau
sd,sB,sE,sLh,sST ,sRet,sPrt

	� Replacement for 
wvtsd,sB,sE,sSTyLhsLhyRetsRetyPrtsPrt

whtS&T
sd,sB,sE,sLh,sST ,sRet,sPrt,sNut

	� Replacement for 
wvtsd,sB,sE,sST yLhsLhyRetsRetyPrtsPrtyNutsNut

whttheo
sd,sST ,sRet,sPrt,sNut

	� Replacement for 
wydTsd,sSTyRetsRetyPrtsPrtyNutsNut

wNuasd,sD,sB,sE,sLh,sST	� Replacement for 
wvasd,sD,sB,sE,sSTyLhsLh

wNutsB,sE,sLh,sST	� Replacement for 
yBsByPtsEyLhsLhyTsST

wvasd,sD,sB,sE,sST	� Replacement for 
ydsdyDsDyBsByPasEyTsST

wvtsd,sB,sE,sST	� Replacement for 
ydsdyBsByPtsEyTsST

wydTsd,sST	� Replacement for ydsdyTsST
Binary variables
yBsB	� Number of branches 

selection
ydsd	� Inner tube diameter selection
yDsD	� Outer tube diameter selection
yLhsLh	� Hairpin tube length selection
yNhsNh	� Number of hairpins per unit 

selection
yNuasNua	� Range of annular region Sei-

der and Tate Nusselt number 
selection

yNutsNut	� Range of inner tube Seider 
and Tate Nusselt number 
selection

yPasE	� Annulus side number of 
units in parallel per branch 
selection

yPrasPra	� Range of annular region 
Prandtl number selection



233Brazilian Journal of Chemical Engineering (2023) 40:231–245	

1 3

yPrtsPrt	� Range of inner tube Prandtl 
number selection

yPtsE	� Tube-side number of units in 
parallel per branch selection

yReasRea	� Range of annular region 
Reynolds number selection

yRetsRet	� Range of inner tube Reyn-
olds number selection

yTsST	� Stream allocation

Indices
sB	� Number of branches
sd	� Inner tube diameters
sD	� Outer tube diameters
sE	� Number of units per branch
sLh	� Hairpin tube length
sNh	� Number of hairpins per unit
sNua	� Range of annular region Sei-

der and Tate Nusselt number
sNut	� Range of inner tube Seider 

and Tate Nusselt number
sPra	� Range of annular region 

Prandtl number
sPrt	� Range of inner tube Prandtl 

number
sRea	� Range of annular region 

Reynolds number
sRet	� Range of inner tube Reyn-

olds number
sST 	� Stream

Introduction

Double pipe heat exchangers can be an advantageous ther-
mal equipment alternative in several tasks. They are the easi-
est heat exchangers to fabricate as well as maintain/repair, 
especially if they have been standardized in the form of 
hairpins and specific structural arrangements (series, series/
parallel, etc.). They are used in small heat exchange tasks, 
usually limited to areas lower than 50 m2. They are also pre-
ferred when dealing with high-pressure applications because 
smaller diameters than shell and tube exchangers are used. 
The industries involved cover a wide range: petroleum, food, 
refrigeration, etc. (Kakaç and Liu 2002; Guy 2008).

The literature about the design of double-pipe heat 
exchangers is focused on the optimization of heat transfer 
intensification devices, such as fins (Sahiti et al. 2008; 
Syed et al. 2011; Iqbal et al. 2011; Iqbal et al. 2011), cor-
rugations (Han et al. 2015; Sruthi et al. 2021), micro-fins 
(Dastmalchi et al. 2017; Xie et al. 2022), and turbulence 
promoters (Arjmandi et  al. 2020; Kumar and Dinesha 
2021; Kola et al. 2021). General and optimal design of 

double pipe heat exchangers received the attention of 
fewer authors. Söylemez (2004) addressed the optimiza-
tion of double pipe heat exchangers for the identification of 
the optimal value of the heat exchanger diameters aiming 
at the minimization of the total annualized cost. Swamee 
et al. (2008) formulated the design optimization problem 
using the diameters of the inner and outer tubes and the 
utility flow rate as design variables to minimize opera-
tional costs. Peccini et al. (2019) proposed the minimiza-
tion of the heat transfer area using a mixed-integer non-
linear programming (MINLP) approach, which included 
different alternatives of parallel and series configurations 
in the search space. Although it provides good opportuni-
ties for cost reductions by finding better solutions than 
traditional approaches based on sucessive trials, its non-
convex nature sometimes presents convergence limitations 
and/or poor local optimum termination, if local solvers 
are used. Moloodpoor et al. (2021) employed a stochastic 
optimization method for the solution of a design problem 
similar to Swamee et al. (2008). Nahes et al. (2019) inves-
tigated the area minimization of the design of double pipe 
heat exchangers using mathematical programming consid-
ering the variation of the physical properties with tempera-
ture but exploring a more limited search space than Peccini 
et al. (2019). Textbooks (Saunders 1988; Kakaç and Liu 
2002; Serth 2007) usually use traditional trial and verifi-
cation procedures, where optimality is not the main goal.

This paper addresses the design optimization of double pipe 
heat exchangers using as a starting point the MINLP problems 
of Peccini et al. (2019). To circumvent the aforementioned 
potential difficulties of nonlinear solvers observed in Peccini 
et al. (2019), the current paper proposes a reformulation of the 
original mixed-integer nonlinear model (MINLM), resulting in 
a mixed-integer linear model (MILM), which we solve using 
a mixed-integer linear programming (MILP) procedure, thus 
guaranteeing a global optimum. Our reformulation does not 
make simplifications, approximations, or linearization of the 
original model, i.e. the solutions of the original MINLP are also 
solutions of the new MILP problem and vice versa. Limitations 
associated with the resultant increase of the number of vari-
ables and constraints of the linear model are handled through 
the proposition of alternative enumeration procedures aided by 
a parametrization of the search space, made possible by the 
discrete nature of the variables involved. Indeed, once a few 
variables of the problem are parametrized, the search space can 
be described by a set of candidates, obtained by combinations 
of the discrete equations turned into parameters. The candidates 
are then subject to an organization according to a rigorous lower 
bound of the objective function that we developed. The avail-
ability of this lower bound allows the acceleration of the Smart 
Enumeration procedure. This novel approach to handle large-
size MILP problems can be employed to solve similar problems 
in other fields of applications.
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Heat exchanger design equations

The basic structure of double pipe heat exchangers consists of 
two concentric tubes. The heat transfer equations, based on the 
LMTD method, are:

The heat transfer coefficients ( ht, ha ) are obtained from a 
Nusselt number correlation (we use Gnielinski et al., Hauser 
et al., and Sieder and Tate) (Incropera and Dewitt 2007). 
Finally, ignoring minor head losses in connections and bends, 
the pressure drop of the flow in the inner tube is calculated 
by the Darcy–Weisbach equation. In turn, the annular section 
pressure drop is obtained using the same equation, but using 
hydraulic diameters (omitting the viscosity correction factor) 
(Saunders 1988).

(1)Q̂ = m̂hCph(T̂ih − T̂oh)

(2)Q̂ = m̂cCpc(T̂oc − T̂ic)

(3)Q̂ = UAΔ̂Tlm

(4)1

U
=

1

ht

de

di
+ R̂ft

de

di
+

deln
(

de

di

)

2k̂tube

+ R̂fa +
1

ha

(5)ΔPt = �tft
L

di

v2
t

2

(6)ΔPa = �afa
L

dh

v2
a

2

Double pipe heat exchanger hairpin 
architecture

Double pipe heat exchangers are usually commercialized in 
hairpin structures, as shown in Fig. 1a. Figure 1b illustrates 
three hairpins connected in series.

Different interconnection patterns among the heat 
exchanger hairpins provide flexible alternatives to abide by 
heat load and maximum pressure drop specifications of the 
service. In our model, a hairpin is the countercurrent basic 
structure; a unit is defined as multiple hairpins connected in 
series; a branch is a structure that can be arranged in some 
proposed complex series/parallel configurations (see Fig. 2), 
which can then be arranged in a set of parallel branches, ren-
dering the general structure (See Fig. 3) (Peccini et al. 2019).

Linear formulation of the design problem

In a prior work (Peccini et al. 2019), a MINLM was pro-
posed (see Supplementary Information—Section S1). Here, 
we show that this model can be rigorously reformulated in a 
linear one. The techniques employed in this transformation 
are described in Costa and Bagajewicz (2019).

Selection of the geometric variables

We use the following set of binary variables to describe the 
design variables: ydsd for the inner tube diameter options 
(discrete options: p̂dtesd and p̂dtisd ), yDsD for the outer tube 
diameter (discrete options: p̂Dtesd and p̂Dtisd ), yLhsLh for 
the hairpin tube length (discrete options: p̂LhsLh ), yNhsNh for 
the number of hairpins per unit (discrete options: p̂NhsNh ), 
yBsB for the number of parallel branches present in the heat 
exchanger design (discrete options: p̂NBsB ), yPtsE and yPasE 

(a) Hairpin structure (b) Three hairpins connected in series.

Fig. 1   Double pipe heat exchanger hairpin structure. a Hairpin structure. b Three hairpins connected in series
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for the number of units aligned in parallel in each branch for 
the tube-side and the annulus-side streams (discrete options: 
p̂NEsE).

This set of binary variables must be associated with con-
straints to ensure that only one of the available options will 
be selected:

(7)

sdmax∑
sd=1

ydsd =

sDmax∑
sD=1

yDsD =

sLhmax∑
sLh=1

yLhsLh =

sNhmax∑
sNh=1

yNhsNh

=

sBmax∑
sB=1

yBsB =

sEmax∑
sE=1

yPtsE =

sEmax∑
sE=1

yPasE = 1

Stream allocation

The allocation of streams is controlled by the binary variables 
yTc and yTh. If yTc = 1, then the cold stream flows inside the 
inner tube, otherwise, yTh = 1, which is guaranteed by the fol-
lowing constraint:

(8)yTc + yTh = 1

(a) Structure – Type I

(b) Example with one unit (two  

hairpins/unit)

(c) Structure – Type II (d) Example with two units (one hairpin/unit)

(e) Structure – Type III (f) Example with two units (one hairpin/unit)

Fig. 2   Different flow arrangements. a, b Type I: tube-side and annulus-side streams in series; c, d Type II: tube-side stream in series and annu-
lus-side stream in parallel; e, f Type III: annulus-side stream in series and tube-side stream in parallel
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Structural constraints

The following constraint ensures that if the tube-side has 
more than one parallel passage, the annular side can be only 
arranged in series and vice-versa:

The following constraint guarantees that the outer tube's 
inner diameter is larger than the inner tube's outer diameter.

where SDD is the set of forbidden (sd, sD) combinations.

Inner tube thermal and hydraulic modeling

The flow velocity inside the inner tube, its corresponding 
Reynolds number, and additional linear inequalities are:

(9)yPtsE=1 + yPasE=1 ≥ 1

(10)ydsd + yDsD ≤ 1∀(sd, sD) ∈ SDD

(11)

vt =

sdmax∑
sd=1

sBmax∑
sB=1

sEmax∑
sE=1

∑
sST

4m̂sST

��̂sST p̂dti
2

sd
p̂NBsBp̂NEsE

wvtsd,sB,sE,sST

(12)

Ret =

sdmax∑
sd=1

sBmax∑
sB=1

sEmax∑
sE=1

∑
sST

4m̂sST

��̂sST p̂dtisdp̂NBsBp̂NEsE

wvtsd,sB,sE,sST

(13)wvtsd,sB,sE,sST ≤ ydsd

(14)wvtsd,sB,sE,sST ≤ yBsB

(15)wvtsd,sB,sE,sST ≤ yPtsE

The Prandtl number of the inner tube stream becomes:

The evaluation of the Nusselt number by the Sieder & 
Tate correlation is now:

where the parameter p̂Nut
S&T

sB,sE,sLh,sST
 is given by:

(16)wvtsd,sB,sE,sST ≤ yTsST

(17)wvtsd,sB,sE,sST ≥ ydsd + yBsB + yPtsE + yTsST − 3

(18)Prt =
Ĉpc�̂c

k̂c

yTc +
Ĉph�̂h

k̂h

yTh

(19)

NutS&T =

sBmax∑
sB=1

sEmax∑
sE=1

sLhmax∑
sLh=1

∑
sST

p̂Nut
S&T

sB,sE,sLh,sST
wNutsB,sE,sLh,sST

(20)wNutsB,sE,sLh,sST ≤ yBsB

(21)wNutsB,sE,sLh,sST ≤ yPtsE

(22)wNutsB,sE,sLh,sST ≤ yLhsLh

(23)wNutsB,sE,sLh,sST ≤ yTsST

(24)wNutsB,sE,sLh,sST ≥ yBsB + yPtsE + yLhsLh + yTsST − 3

(25)

p̂Nut
S&T

sB,sE,sLh,sST
= 1.86

(
8ĈpsSTm̂sST

�k̂sST p̂NBsBp̂NEsEp̂LhsLh

)1∕3

(a) General Structure (b) Example with two branches (type III) (five 

units/branch)

Fig. 3   Multiple parallel branches. a General structure. b Example with two branches (type III) (five units/branch)
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The following equation allows the selection of the appropri-
ate Re number using binary variables.

The pressure drop in the tubes becomes:

The additional parameters inserted for simplification pur-
poses in Eq. (35) are given by:

(26)
Ret ≤ 1311yRet1 + 2300yRet2 + 3380yRet3 + ÛReyRet4

(27)Ret ≥ 1311yRet2 + 2300yRet3 + 3380yRet4 + �

(28)Prt ≤ 5yPrt1 + ÛPryPrt2

(29)Prt ≥ 5yPrt2 + �

(30)NutS&T ≤ 3.66yNut1 + ÛNuyNut2 − �

(31)NutS&T ≥ 3.66yNut2

(32)
sRetmax∑
sRet=1

yRetsRet = 1

(33)yPrt1 + yPrt2 = 1

(34)yNut1 + yNut2 = 1

(35)

ΔPt =

sdmax∑
sd=1

sBmax∑
sB=1

sNhmax∑
sNh=1

sEmax∑
sE=1

sLhmax∑
sLh=1

sEmax∑
sE�=1

∑
sST(

p̂dPt1sd,sB,sE,sNh,sLh,sE�,sSTwdPtsd,sB,sNh,sLh,sE,sE�,sST ,1

+p̂dPt23sd,sB,sE,sNh,sLh,sE�,sSTwdPtsd,sB,sNh,sLh,sE,sE�,sST ,2

+p̂dPt23sd,sB,sE,sNh,sLh,sE�,sSTwdPtsd,sB,sNh,sLh,sE,sE�,sST ,3

+p̂dPt4sd,sB,sE,sNh,sLh,sE�,sSTwdPtsd,sB,sNh,sLh,sE,sE�,sST ,4

)

(36)wdPtsd,sB,sE,sNh,sLh,sE′,sST ,sRet ≤ wAsd,sB,sE,sNh,sLh,sE′

(37)wdPtsd,sB,sE,sNh,sLh,sE′,sST ,sRet ≤ yTsST

(38)wdPtsd,sB,sE,sNh,sLh,sE′,sST ,sRet ≤ yRetsRet

(39)
wdPtsd,sB,sE,sNh,sLh,sE′,sST ,sRet ≥ wAsd,sB,sE,sNh,sLh,sE′

+yTsST + yRetsRet − 2

(40)p̂dPt1sd,sB,sE,sNh,sLh,sE� ,sST =
128�̂sST m̂sST p̂NhsNhp̂LhsLhp̂NEsE�

��̂sST p̂dti
4

sd
p̂NBsBp̂NEsE

Annulus side thermal and hydraulic modeling

The annulus-side stream velocity, its corresponding Reyn-
olds number, and additional linear inequalities are given 
by:

where if sST = h, then sST* = c and vice-versa.
The equations for the Prandtl number and the Nusselt 

numbers for the annulus-side stream become:

(41)p̂dPt23sd,sB,sE,sNh,sLh,sE� ,sST =
0.3904m̂2

sST
p̂NhsNhp̂LhsLhp̂NEsE�

�2�̂sST p̂dti
5

sd
p̂NB

2

sB
p̂NE

2

sE

(42)

p̂dPt4sd,sB,sE,sNh,sLh,sE� ,sST =
0.112m̂2

sST
p̂NhsNhp̂LhsLhp̂NEsE�

�2�̂sST p̂dti
5

sd
p̂NB

2

sB
p̂NE

2

sE

+
4.719�̂0.42

sST
m̂1.58

sST
p̂NhsNhp̂LhsLhp̂NEsE�

�1.58�̂sST p̂dti
4.58

sd
p̂NB

1.58

sB
p̂NE

1.58

sE

(43)

va =

sdmax∑
sd=1

sDmax∑
sD=1

sBmax∑
sB=1

sEmax∑
sE=1

∑
sST

m̂sST∗

�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

wvasd,sD,sB,sE,sST

(44)

Rea =

sdmax∑
sd=1

sDmax∑
sD=1

sBmax∑
sB=1

sEmax∑
sE=1

∑
sST

m̂sST∗ p̂dhsd,sD

�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

wvasd,sD,sB,sE,sST

(45)wvasd,sD,sB,sE,sST ≤ ydsd

(46)wvasd,sD,sB,sE,sST ≤ yDsD

(47)wvasd,sD,sB,sE,sST ≤ yBsB

(48)wvasd,sD,sB,sE,sST ≤ yPasE

(49)wvasd,sD,sB,sE,sST ≤ yTsST

(50)
wvasd,sD,sB,sE,sST ≥ ydsd + yDsD + yBsB + yPasE + yTsST − 4

(51)Pra =
Ĉpc�̂c

k̂c

yTh +
Ĉph�̂h

k̂h

yTc



238	 Brazilian Journal of Chemical Engineering (2023) 40:231–245

1 3

where the parameter p̂Nua
S&T

sd,sD,sB,sE,sLh,sST
 is given by:

where if sST = h, then sST* = c and vice-versa.
The constraints relating binary variables to Re ranges 

for the tube-side remain the same:

The pressure drop of the flow in the annulus is given by

(52)
NuaS&T

=

sdmax∑
sd=1

sDmax∑
sD=1

sBmax∑
sB=1

sEmax∑
sE=1

sLhmax∑
sLh=1

∑
sST

p̂Nua
S&T

sd,sD,sB,sE,sLh,sST
wNuasd,sD,sB,sE,sLh.sST

(53)wNuasd,sD,sB,sE,sLh.sST ≤ wvasd,sD,sB,sE,sST

(54)wNuasd,sD,sB,sE,sLh.sST ≤ yLhsLh

(55)wNuasd,sD,sB,sE,sLh.sST ≥ wvasd,sD,sB,sE,sST + yLhsLh − 1

(56)p̂Nua
S&T
sd,sD,sB,sE,sLh,sST = 1.86

⎛

⎜

⎜

⎝

2ĈpsST∗ m̂sST∗ p̂dh
2
sd,sD

k̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsEp̂LhsLh

⎞

⎟

⎟

⎠

1
3

(57)
Rea ≤ 500yRea1 + 2300yRea2 + 10000yRea3 + ÛReyRea4

(58)Rea ≥ 500yRea2 + 2300yRea3 + 10000yRea4 + �

(59)Pra ≤ 5yPra1 + ÛPryPra2

(60)Pra ≥ 5yPra2 + �

(61)NuaS&T ≤ 3.66yNua1 + ÛNuyNua2 − �

(62)NuaS&T ≥ 3.66yNua2

(63)
sReamax∑
sRea=1

yReasRea = 1

(64)yPra1 + yPra2 = 1

(65)yNua1 + yNua2 = 1

(66)

ΔPa =

sdmax∑
sd=1

sDmax∑
sD=1

sBmax∑
sB=1

sEmax∑
sE=1

sNhmax∑
sNh=1

sLhmax∑
sLh=1

sEmax∑
sE�=1

∑
sST

(̂pdPa1sd,sD,sB,sE,sNh,sLh,sE� ,sSTwdPasd,sD,sB,sNh,sLh,sE.sE�sST ,1

+ p̂dPa23sd,sD,sB,sE,sNh,sLh,sE� ,sST (wdPasd,sD,sB,sNh,sLh,sE.sE�sST ,2

+ wdPasd,sD,sB,sNh,sLh,sE.sE�sST ,3)

+ p̂dPa4sd,sD,sB,sE,sNh,sLh,sE� ,sSTwdPasd,sD,sB,sNh,sLh,sE.sE�sST ,4)

where:

where if sST = h, then sST* = c and vice-versa.

Heat transfer rate equation

(67)wdPasd,sD,sB,sE,sNh,sLh,sE′,sST ,sRea ≤ wAsd,sB,sE,sNh,sLh,sE′

(68)wdPasd,sD,sB,sNh,sLh,sE.sE′sST ,sRea ≤ yDsD

(69)wdPasd,sD,sB,sNh,sLh,sE.sE′sST ,sRea ≤ yTsST

(70)wdPasd,sD,sB,sNh,sLh,sE.sE′sST ,sRea ≤ yReasRea

(71)
wdPasd,sD,sB,sNh,sLh,sE.sE�sST ,sRea ≥ wAsd,sB,sNh,sLh,sE,sE�

+ yDsD + yTsST + yReasRea − 3

(72)

p̂dPa1sd,sD,sB,sE,sNh,sLh,sE�,sST =
32�̂sST∗m̂sST∗ p̂NhsNhp̂LhsLhp̂NEsE

�̂sST∗ p̂dh
2

sd,sD
p̂Aasd,sDp̂NBsBp̂NEsE�

(73)

p̂dPa23sd,sD,sB,sE,sNh,sLh,sE�,sST

=
0.01348m̂2

sST∗ p̂NhsNhp̂LhsLhp̂NEsE

�̂sST∗ p̂dhsd,sDp̂Aa
2

sd,sD
p̂NB

2

sB
p̂NE

2

sE�

+
16.328�̂0.93

sST∗m̂
1.07

sST∗ p̂NhsNhp̂LhsLhp̂NEsE

�̂sST∗ p̂dh
1.93

sd,sD
p̂Aa

1.07

sd,sD
p̂NB

1.07

sB
p̂NE

1.07

sE�

(74)

p̂dPa4sd,sD,sB,sE,sNh,sLh,sE�,sST

=
0.089�̂0.1865

sST∗ m̂1.8135

sST∗ p̂NhsNhp̂LhsLhp̂NEsE

�̂sST∗ p̂dh
1.1865

sd,sD
p̂Aa

1.8135

sd,sD
p̂NB

1.8135

sB
p̂NE

1.8135

sE�

(75)
A =

sdmax∑
sd=1

sBmax∑
sB=1

sNhmax∑
sNh=1

sLhmax∑
sLh=1

sEmax∑
sE=1

sE�max∑
sE�=1

p̂Asd,sB,sE,sNh,sLh,sE�wAsd,sB,sE,sNh,sLh,sE�

(76)wAsd,sB,sNh,sLh,sE,sE′ ≤ ydsd

(77)wAsd,sB,sNh,sLh,sE,sE′ ≤ yBsB

(78)wAsd,sB,sNh,sLh,sE,sE′ ≤ yNhsNh

(79)wAsd,sB,sNh,sLh,sE,sE′ ≤ yLhsLh

(80)wAsd,sB,sNh,sLh,sE,sE′ ≤ yPtsE
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The heat transfer rate, based on the LMTD method, after 
reformulation becomes:

(81)wAsd,sB,sNh,sLh,sE,sE′ ≤ yPasE′

(82)
wAsd,sB,sNh,sLh,sE,sE� ≥ ydsd + yBsB

+ yNhsNh + yLhsLh + yPtsE + yPasE� − 5

(83)
p̂Asd,sB,sNh,sLh,sE,sE� = �p̂NBsBp̂NhsNhp̂LhsLhp̂NEsEp̂NEsE�

(84)

sdmax�
sd=1

sDmax�
sD=1

sBmax�
sB=1

sEmax�
sE=1

sLhmax�
sLh=1

sEmax�
sE�=1

�
sST

� 2�
sRet=1

⎛⎜⎜⎝
p̂dtesd

k̂sST p̂Nut
theo

whttheo
sd,sST ,sRet,1,1

+
p̂dtesd

k̂sST p̂Nut
S&T

sB,sE,sLh,sST

whtS&T
sd,sB,sLh,sE,sST ,sRet,1,2

+
p̂dtesd

k̂sST p̂Nut
Hau

sB,sE,sLh,sST

whtHau
sd,sB,sLh,sE,sST ,sRet,2

⎞⎟⎟⎠

+
p̂dtesd

k̂sST p̂Nut
Gni

transd,sB,sE,sST

whtGni
sd,sB,sE,sST ,3

+
p̂dtesd

k̂sST p̂Nut
Gni

turbsd,sB,sE,sST

whtGni
sd,sB,sE,sST ,4

+ R̂f sST
p̂dtesd

p̂dtisd

wydTsd,sST +

p̂dtesd ln
�

p̂dtesd

p̂dtisd

�

2k̂tube
ydsd

+ R̂f sST∗yTsST

+

2�
sRea=1

⎛⎜⎜⎝
p̂dhsd,sD

k̂sST∗ p̂Nua
theo

whatheo
sd,sD,sST ,sRea,1,1

+
p̂dhsd,sD

k̂sST∗ p̂Nua
S&T

sd,sD,sB,sE� ,sLh,sST

whaS&T
sd,sD,sB,sE� ,sLh,sST ,sRea,1,2

+
p̂dhsd,sD

k̂sST∗ p̂Nua
Hau

sd,sD,sB,sE� ,sLh,sST

whaHau
sd,sD,sB,sLh,sE� ,sST ,sRea,2

⎞⎟⎟⎠

+
p̂dhsd,sD

k̂sST∗ p̂Nua
Gni

transd,sD,sB,sE� ,sST

whaGni
sd,sD,sB,sE� ,sST ,3

+
p̂dhsd,sD

k̂sST∗ p̂Nua
Gni

turbsd,sD,sB,sE� ,sST

whaGni
sd,sD,sB,sE� ,sST ,4

�

≤
Δ̂Tlm�

Âexc

100
+ 1

�
sdmax�
sd=1

sBmax�
sB=1

sEmax�
sE=1

sNhmax�
sNh=1

sLhmax�
sLh=1

sE�max�
sE�=1

�
sST

(p̂Asd,sB,sNh,sLh,sE,sE�wAsd,sB,sNh,sLh,sE,sE�

+ p̂Asd,sB,sNh,sLh,sE,sE�

�
p̂FsST∗ ,sE − 1

�

wAFsd,sB,sNh,sLh,sE,sE� ,sST

+ p̂Asd,sB,sNh,sLh,sE,sE�

�
p̂FsST ,sE� − 1

�

wAFsd,sB,sNh,sLh,sE,sE� ,sST )

(85)wydTsd,sST ≤ ydsd

(86)wydTsd,sST ≤ yTsST

(87)wydTsd,sST ≥ ydsd + yTsST − 1

(88)whttheo
sd,sST ,sRet,1,1

≤ wydTsd,sST forsRet = {1, 2}

(89)whttheo
sd,sST ,sRet,1,1

≤ yRetsRetforsRet = {1, 2}

(90)whttheo
sd,sST ,sRet,1,1

≤ yPrt1forsRet = {1, 2}

(91)whttheo
sd,sST ,sRet,1,1

≤ yNut1forsRet = {1, 2}

(92)
whttheosd,sST ,sRet,1,1 ≥ wydTsd,sST + yRetsRet + yPrt1

+yNut1 − 3forsRet = {1, 2}

(93)whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≤ wvtsd,sB,sE,sST forsRet = {1, 2}

(94)whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≤ yLhsLhforsRet = {1, 2}

(95)whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≤ yRetsRetforsRet = {1, 2}

(96)whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≤ yPrt1forsRet = {1, 2}

(97)whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≤ yNut2forsRet = {1, 2}

(98)

whtS&T
sd,sB,sE,sLh,sST ,sRet,1,2

≥ wvtsd,sB,sE,sST

+ yLhsLh + yRetsRet + yPrt1

+ yNut2 − 4forsRet = {1, 2}

(99)whtHau
sd,sB,sE,sLh,sST ,sRet,2

≤ wvtsd,sB,sE,sST forsRet = {1, 2}

(100)whtHau
sd,sB,sE,sLh,sST ,sRet,2

≤ yLhsLhforsRet = {1, 2}

(101)whtHau
sd,sB,sE,sLh,sST ,sRet,2

≤ yRetsRetforsRet = {1, 2}

(102)whtHau
sd,sB,sE,sLh,sST ,sRet,2

≤ yPrt2forsRet = {1, 2}



240	 Brazilian Journal of Chemical Engineering (2023) 40:231–245

1 3

(103)whtHau
sd,sB,sE,sLh,sST ,sRet,2

≥ wvtsd,sB,sE,sST + yLhsLh + yRetsRet + yPrt2 − 3forsRet = {1, 2}

(104)whtGni
sd,sB,sE,sST ,sRet

≤ wvtsd,sB,sE,sST forsRet = {3, 4}

(105)whtGni
sd,sB,sE,sST ,sRet

≤ yRetsRetforsRet = {3, 4}

(106)
whtGni

sd,sB,sE,sST ,sRet
≥ wvtsd,sB,sE,sST + yRetsRet − 1forsRet = {3, 4}

(107)whatheo
sd,sD,sST ,sRea,1,1

≤ wydTsd,sST forsRea = {1, 2}

(108)whatheo
sd,sD,sST ,sRea,1,1

≤ yDsDforsRea = {1, 2}

(109)whatheo
sd,sD,sST ,sRea,1,1

≤ yReasReaforsRea = {1, 2}

(110)whatheo
sd,sD,sST ,sRea,1,1

≤ yPra1forsRea = {1, 2}

(111)whatheo
sd,sD,sST ,sRea,1,1

≤ yNua1forsRea = {1, 2}

(112)
whatheosd,sD,sST ,sRea,1,1 ≥ wydTsd,sST + yDsD + yReasRea

+yPra1 + yNua1 − 4forsRea = {1, 2}

(113)
whaS&T

sd,sD,sB,sE�,sLh,sST ,sRea,1,2
≤ wvasd,sD,sB,sE�,sST forsRea = {1, 2}

(114)whaS&T
sd,sD,sB,sE�,sLh,sST ,sRea,1,2

≤ yLhsLhforsRea = {1, 2}

(115)
whaS&T

sd,sD,sB,sE�,sLh,sST ,sRea,1,2
≤ yReasReaforsRea = {1, 2}

(116)whaS&T
sd,sD,sB,sE�,sLh,sST ,sRea,1,2

≤ yPra1forsRea = {1, 2}

(117)whaS&T
sd,sD,sB,sE�,sLh,sST ,sRea,1,2

≤ yNua2forsRea = {1, 2}

(118)

whaS&T
sd,sD,sB,sE′ ,sLh,sST ,sRea,1,2 ≥ vasd,sD,sB,sE′ ,sST + yLhsLh + yReasRea

+yPra1 + yNua2 − 4forsRea = {1, 2}

(119)
whaHausd,sD,sB,sE′,sLh,sST ,sRea,2 ≤ wvasd,sD,sB,sE′,sST forsRea = {1, 2}

where

(120)whaHau
sd,sD,sB,sE�,sLh,sST ,sRea,2

≤ yLhsLhforsRea = {1, 2}

(121)whaHau
sd,sD,sB,sE�,sLh,sST ,sRea,2

≤ yReasReaforsRea = {1, 2}

(122)whaHau
sd,sD,sB,sE�,sLh,sST ,sRea,2

≤ yPra2forsRea = {1, 2}

(123)

whaHausd,sD,sB,sE′,sLh,sST ,sRea,2 ≥ wvasd,sD,sB,sE′,sST + yLhsLh
+yReasRea + yPra2 − 3forsRea = {1, 2}

(124)
whaGni

sd,sD,sB,sE�,sST ,sRea
≤ wvasd,sD,sB,sE�,sST forsRea = {3, 4}

(125)whaGni
sd,sD,sB,sE�,sST ,sRea

≤ yReasReaforsRea = {3, 4}

(126)
whaGnisd,sD,sB,sE′,sST ,sRea ≥ wvasd,sD,sB,sE′,sST + yReasRea

−1forsRea = {3, 4}

(127)wAFsd,sB,sNh,sLh,sE,sE′,sST ≤ wAsd,sB,sNh,sLh,sE,sE′

(128)wAFsd,sB,sNh,sLh,sE,sE′,sST ≤ yTsST

(129)
wAFsd,sB,sNh,sLh,sE,sE�,sST ≥ wAsd,sB,sNh,sLh,sE,sE� + yTsST − 1

(130)

p̂Nut
Hau

sB,sE,sLh,sST
= 3.66 +

0.0668
(

8ĈpsST m̂sST

�k̂sST p̂NBsBp̂NEsEp̂LhsLh

)

1 + 0.04
(

8ĈpsST m̂sST

�k̂sST p̂NBsBp̂NEsEp̂LhsLh

)2∕3

(131)

p̂Nut
Gni

transd,sB,sE,sST
=

0.0061

(
4m̂sST

��̂sST p̂dtisd p̂NBsBp̂NEsE

− 1000

)(
ĈpsST �̂sST

k̂sST

)

1 + 12.7(0.0061)
1

2

((
ĈpsST �̂sST

k̂sST

) 2

3

− 1

)
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where if sST = h, then sST* = c and vice-versa.

Pressure drop and velocity bounds

Bounds on flow velocity and pressure drop are given by:

(132)p̂Nut
Gni
turbsd,sB,sE,sST

=

(

0.00175 + 0.132
(

��̂sST p̂dtisd p̂NBsBp̂NEsE

4m̂sST

)0.42)( 4m̂sST

��̂sST p̂dtisd p̂NBsBp̂NEsE
− 1000

)(

ĈpsST �̂sST

k̂sST

)

1 + 12.7
(

0.00175 + 0.132
(

��̂sST p̂dtisd p̂NBsBp̂NEsE

4m̂sST

)0.42)1∕2
(

(

ĈpsST �̂sST

k̂sST

)

2
3 − 1

)

(133)

p̂Nua
Hau

sd,sD,sB,sE,sLh,sST
= 3.66 +

0.0668
2ĈpsST∗ m̂sST∗ p̂dh

2

sd,sD

k̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsEp̂LhsLh

1 + 0.04

(
2ĈpsST∗ m̂sST∗ p̂dh

2

sd,sD

k̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsEp̂LhsLh

) 2

3

(134)p̂Nua
Gni

transd,sD,sB,sE,sST
=

(
0.00337 + 4.082

(
�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

m̂sST∗ p̂dhsd,sD

)0.93
)(

m̂sST∗ p̂dhsd,sD

�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

− 1000

)
ĈpsST∗ �̂sST∗

k̂sST∗

1 + 12.7

(
0.00337 + 4.082

(
�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

m̂sST∗ p̂dhsd,sD

)0.93
) 1

2

((
ĈpsST∗ �̂sST∗

k̂sST∗

) 2

3

− 1

)

(135)p̂Nua
Gni

turbsd,sD,sB,sE,sST
=

(
0.02225

(
�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

m̂sST∗ p̂dhsd,sD

)0.1865
)(

m̂sST∗ p̂dhsd,sD

�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

− 1000

)
ĈpsST∗ �̂sST∗

k̂sST∗

1 + 12.7

(
0.02225

(
�̂sST∗ p̂Aasd,sDp̂NBsBp̂NEsE

m̂sST∗ p̂dhsd,sD

)0.1865
) 1

2

((
ĈpsST∗ �̂sST∗

k̂sST∗

) 2

3

− 1

)

(136)vt ≥ v̂tmin

(137)vt ≤ v̂tmax

(138)va ≥ v̂amin

(139)va ≤ v̂amax

(140)ΔPt ≤ Δ̂PcdispyTc + Δ̂PhdispyTh

(141)ΔPa ≤ Δ̂PcdispyTh + Δ̂PhdispyTc

Objective function

The objective function is given by the heat transfer area and 
a penalty term associated to the number of hairpins; thus, in 
case of equivalent solutions, the one with smaller number 
of elements is preferred:

Solution of the optimization problem

The mathematical transformations techniques applied to 
generate the linear model imply a large increase in the num-
ber of constraints and variables. If the number of discrete 
alternatives of the search space is too high, the dimension 
of the MILP problem may be not able to be solved using a 
conventional PC. For example, the proposed linear formula-
tion to the problems presented in Peccini et al. (2019) yields 
a MILM with 1,467,771,040 constraints and 300,784,517 
variables.

This computational obstacle can be overcome using dif-
ferent approaches. The simpler is just to analyze the nature 

(142)minA +

sNhmax∑
sNh=1

p̂hp̂NhsNhyNhsNh
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of the design problem and select a limited number of discrete 
alternatives for the definition of the search space (the search 
space of Peccini et al. (2019), valid for various examples, 
could be limited according to the nature of each example). 
Another approach is to use parallel computing, where the 
original search space would be split into smaller ones by 
parametrization of discrete variables and solved simulta-
neously in several cores. During the run, every incumbent 
found would be broadcasted to the other core and allowing 
an update of the common upper bound.

Instead of the above alternatives, we introduce a novel 
approach: Smart enumeration of a parametrized search space. 
Thus, the global optimum can be obtained by solving a set 
of smaller MILP problems, either in series or in parallel, as 
described above. However, our novel contribution is that the 
parametrization allows the use of Smart Enumeration (Costa 
and Bagajewicz 2019), once a lower bound of the objective 
function is developed. We explain this procedure below.

Search space parameterization

As described above, we choose a few variables and use them 
as parameters. This reduces the number of variables and 
constraints generated during the reformulation. The new 
parametrized MILM can be solved using the subset of the 
decision variables that are left. To solve the entire problem, 
one has to repeat the optimization sequentially or in parallel, 
to cover the entire domain of the combinations of different 
values of the parameters. Figure 4 illustrates a representation 
of this procedure where a single large MILP problem is split 
into 9 smaller MILP problems. Each small MILP problem 
corresponds to a given set of combination of discrete values 
of the variables chosen for parametrization.

Different alternatives of parameters and variables were 
tested and the option with the best performance was the 
one where the structural variables (NBsB, NhsNh, NPtsE, and 
NPasE) are transformed into parameters. Solving this new 
parametrized MILM with a MILP approach renders the best 
possible values of fluid allocation, diameters, and length. 
A comparison of this approach with other alternatives of 
groups of parameters and variables is displayed in the Sup-
plementary Information (Sections S2, S3 and S4).

Based on this approach, the global optimum can be 
attained by solving the MILP for each possible combina-
tion of structural variables, i.e. an exhaustive enumeration. 
However, as discussed below, a smart enumeration proce-
dure can reduce this computational effort, avoiding testing 
all combinations, but still attaining the global optimum. The 
Smart enumeration depends on the set up of a lower bound 
of the objective function of the parametrized MILP problem, 
as shown below.

Lower bound of the objective function

As discussed above, each solution candidate based on the 
parametrization of the search space corresponds to a set of 
discrete values of NBsB, NhsNh, NPtsE, and NPasE. These are 
the combinations of the variables turned into parameters. 
The lower bound of the objective function of these solu-
tion candidates corresponds to the heat transfer area of the 
exchanger evaluated using the smallest values of the inner 
tube diameter and tube length, i.e. the lower bound of the 
heat transfer area is calculated using an inner tube diam-
eter equal to min( p̂dtesd ) and a hairpin tube length equal to 
min( p̂LhsLh ) associated with the parametrized values of the 
candidate in relation to the the number of hairpins per unit, 
the number of parallel branches, and the number of units 
aligned in parallel in each branch for the tube-side and the 
annulus-side streams.

Smart enumeration

Smart Enumeration is based on the enumeration using a can-
didate ordering by the lower bound of the objective function 
that, associated with a proper stop criterion involving the 
objective function of the incumbent (upper bound), promotes 
a reduction of the computational effort, but still guaranteeing 
global optimality.

Then, one can order the enumeration options in ascend-
ing order of lower bounds so that the first structure tested 
is the one with the smaller lower bound and so on. The first 
viable solution found is saved as an incumbent, and dur-
ing the enumeration, the incumbent is updated every time 
a better solution is found. Since the enumeration options 

Fig. 4   Representation of the 
search space parametrization MILP 1 MILP 2 MILP 3

MILP 4 MILP 5 MILP 6

MILP 7 MILP 8 MILP 9

MILP
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are ordered in ascending order of lower bound, the gap 
between the incumbent and the lower bound decreases 
until the lower bounds of the remaining solutions become 
higher than the incumbent. At that point, the search is 
interrupted, for it is guaranteed that no other structure has 
a viable solution that would render a smaller area than that 
of the incumbent solution.

An extended version of the Smart Enumeration is pro-
posed where each MILP problem is solved using an addi-
tional upper bound constraint associated with the incum-
bent heat exchanger area, for there is no interest in finding 
a higher area.

Results

The performance of the proposed approaches is illustrated 
by its application to four different examples, originally 
presented by Peccini et al. (2019). The flow velocities must 
be between 1 and 3 m/s, the pipe thermal conductivity 
is 16.27 W/(m °C) for Example 1 and 55 W/(m °C) for 
Examples 2 to 4, and the minimum excess area is 10% 
for Examples 1 and 4 and 20% for Examples 2 and 3. The 
details of all examples are displayed in the Supplemen-
tary Information (Section S3). All computational times 
reported here are associated to the solution of the MILP 
problems using the solver CPLEX in GAMS 24.7.1 run-
ning on an AMD Ryzen 9 3900X 12-Core Processor.

Table 1 displays the heat transfer area associated to 
the globally optimal results. The different services of the 
four examples are evidenced by the different optimal heat 
exchanger areas (that range from 1.84 to 88.73 m2). The 
details of all solutions are presented in the Supplementary 
Information (Section S5).

Smart enumeration

The computational efficiency of the Smart Enumeration 
procedures is illustrated in Table 2, which displays the cor-
responding elapsed times.

The original Smart Enumeration enables a significant 
reduction in the number of enumerated candidates and con-
sequently of the computational effort. This reduction is par-
ticularly intense in Example 2 (97.8%), where the optimal 
solution corresponds to a small heat exchanger that is found 
earlier, thus avoiding a long search. This large reduction 
pattern will always be repeated if the optimal solution has a 
small area compared with the other candidates of the search 
space.

The Extended Smart Enumeration does not change the 
number of MILP solved compared with Straight Smart 
Enumeration, but it does accelerate the convergence of the 
individual MILP problems and therefore reduces the total 
computational effort.

These results draw attention to the oversized search space 
employed in Peccini et al (2019), with areas ranging from 
0.1022 to 9728.8 m2, aimed to encompass different examples 
solutions. A tighter search domain would require less com-
putational time (e.g. Example 3 solved for a reduced domain 
with Extended Smart Enumeration renders an elapsed time 
of only 194.1 s—see Supplementary Information, Table S4).

Conclusions

The mixed-integer linear programming problem proposed 
was successfully formulated through mathematical trans-
formation techniques applied to a previously mixed-integer 
nonlinear model. The mathematically equivalent model 
does not show any convergence problems observed in non-
linear formulations, does not require any initial values as a 
starting point, and also presents the important advantage 
of guaranteeing global optimality. Therefore, the proposed 
procedure allows attaining the global optimum of the 
design problem using conventional MILP solvers, which 
are robust and widely available (there are even free codes, 
such as GLPK), thus avoiding the use of specialized global 

Table 1   Globally optimal solutions for Examples 1 to 4

Variable Example 1 Example 2 Example 3 Example 4

Total heat 
exchanger area 
(m2)

9.19 1.84 88.73 40.86

Table 2   Elapsed time (s) 
with exhaustive and smart 
enumeration

Enumeration Example 1 Example 2 Example 3 Example 4

Exhaustive Total elapsed time (s) 3976.3 4542.7 5357.4 4766.2
Enumerated candidates 7800 7800 7800 7800

Smart Total elapsed time (s) 736.3 183.6 4155.9 2594.0
Enumerated candidates 1217 167 5842 4002

Extended smart Total elapsed time (s) 731.0 172.2 4043.5 2293.7
Enumerated candidates 1217 167 5842 4002
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nonlinear optimization solvers, which may be expensive and 
sometimes may fail to find initial feasible solutions or take 
a long time.

The problem size increases substantially for the MILP 
problem as compared with the previously proposed MINLP, 
rendering increased computational effort. This obstacle is 
handled by the proposition of an enumeration procedure, 
which substitutes the need to solve a large MILP problem 
with the solution of a limited set of smaller MILP problems. 
This procedure involves the parametrization of the search 
space and the establishment of a lower bound of the objec-
tive function for each smaller resultant MILP problem. The 
exploration of the search space through an ascending order 
of their lower bounds allows a reduction of the computa-
tional effort to identify the global optimum solution.

Solution obstacles related to large size MILP problems 
also occur in several other optimization applications, such as 
process scheduling (Floudas and Lin 2005), heat exchanger 
network synthesis (Chen et al. 2015), cogeneration systems 
(Lin et al. 2016), etc. Therefore the proposed approach for 
handling large size MILP problems can be an interesting 
alternative for other fields of applications.

Supplementary Information  The online version contains supplemen-
tary material available at https://​doi.​org/​10.​1007/​s43153-​022-​00238-2.
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